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Long-Term Formation Keeping of Satellite Constellation
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Using Linear-Quadratic Controller

Yuri Ulybyshev
Rocket-Space Corporation “Energia,” Korolev, Moscow Region 141070, Russia

Relative formation keeping of a satellite constellation in circular orbits is investigated. The in-plane formation
keeping based on tangential maneuvers is defined with use of the averaged equations representing secular relative
motion in a neighborhood of a circular reference orbit. The state variables are along-track displacements of
satellites (without periodic terms) relative to prescribed intersatellite spacings and displacements of satellite orbital
periods with respect to the reference orbit period. A set of along-track relative displacements between satellites is
represented by a tree digraph. Long-term behavior of a satellite constellation is described by the linear discrete-
time equation in terms of (2N — 1) variables, where N is the total number of satellites. A new linear-quadratic
controller for satellite constellations is developed. The formation keeping robustness is discussed. An analytic
solution of linear-quadratic formation keeping for two satellites is obtained. Simulation results are presented for

the low-altitude satellite constellation affected by atmospheric drag.

Nomenclature

state matrix

transposed incidence matrix of digraph
out-of-plane, along-track, and radial relative
position coordinates; Fig. 1

feedback matrix and its element

weighting matrix and its element

identity matrix

satellite number

cost function

number of digraph edge

sampling stage

total number of satellites

Riccati equation (12) solution matrix and its
element

submatrices of matrix P; Eq. (13)

radius of circular reference orbit

orbital period

time

vector of tangential impulsive velocity changes
and its element

state vector

vector of along-track displacements of satellites
relative to idealized point on a circular reference
orbit and its element

vector of orbital period displacements and its
element

time interval between maneuvers

vector of along-track relative displacements
and its elements

closed-loop eigenvalue

w = mean motion of circular reference orbit
0 = zero matrix or vector

I. Introduction

N recent years, with the emphasis on global communication,

several satellite-based systems have been proposed based on
multiple-satellite constellations in low Earth orbits.! The formation
keeping of such large constellations poses new problems at the in-
terface between the theory of orbital transfers and the control theory
of large-scale systems. Similar formation keeping requirements are
foreseen for the Earth observing system satellite missions, where
two or more satellites must fly over the same point on the Earth with
prescribed time spacing.

Formation keeping of a satellite constellation in circular orbits
has been considered by Lamy and Pascal.? In Ref. 2 the state vari-
ables are phases of each satellite with respect to the mean satellite
constellation. Glickman® developed a timed-destination approach to
constellation formation keeping in which individual satellite flight
path errors are indirectly controlled by closing control loops on tim-
ing and position errors in reaching a series of precomputed equa-
torial destinations. Calvet et al.* studied a simplified discrete-time
linear model for describing dynamical behavior of the perturbed
satellite constellation on a midterm interval. The optimal strategy
has been defined using a two-level decomposition method based on
linear programming and parametric optimization. A method of au-
tonomous ring formation for a planar constellation of satellites based
on the concept of potential functions was presented by McInnes.® An
onboard formation keeping strategy has developed by Collins et al.®

Formation keeping of two satellites has been studied by several
authors.”~!! Another prototype of a simultaneous control of two
or more satellites is the collocation problem for geostationary
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satellites.!>!3 The linear-quadratic formation keeping of two satel-
lites has been studied by Vassar and Sherwood,” by Redding et al.,’
and by Wilde et al.'® In a sense, the work presented here extends the
capabilities of linear-quadraticcontrollers to the formation keeping
problem %913

We shall distinguish between relative and absolute formation
keeping >3 Relative formation keeping is maintaining the rela-
tive positions between satellites but not their absolute positions. In
the case of absolute formation keeping, each satellite is maintained
within a defined box moving with the idealized point on a reference
orbit. This strategy can be effectivelyrealized by simply closing the
loop on the equatorial crossing time.* In this paper, a solution to
relative formation keeping is presented.

The method to be described is based on the use of a tree digraph
of the model satellite constellation. The goals are to show, first, that
a classical linear-quadratic control theory can be useful in solving
the difficult problem of simultaneous control of many satellites and,
second, that this area can be a stimulus to new and interesting forms
of large-scale control systems. The contribution of the paper is the
demonstrationthat a feedback algorithmbased on a linear-quadratic
controller shows excellent performance and robustness and, hence,
is a good candidate for satellite constellation formation keeping.

II. Mathematical Model
Relative Motion of Satellites in Circular Orbits
The Clohessy-Wiltshire equations' describe the motion of a
satellite to a point on a circular reference orbit. They are

i = —2wr, ¥ =30’ + 20wn, b=-w’b (1)
where n, r, and b are coordinates in the orbit normal coordinate
frame (Fig. 1).

It is well known that an approximate solution of the Clohessy-
Wiltshireequations, when averaged from to t + 27 /w and ignoring

the periodic terms, can be written as® !
. Rw?>AT*
i = - @

where AT* is the displacementof the satellite orbital period relative
to reference orbit period.

The following analysis is based on tangential maneuvers. The
required tangential velocity change to kill the averaged (or secular)
drift is'

AV* =i*/3 (3)

We assume that the time interval between maneuversis At = const
and introduce the following dimensionless variables in the follow-
ing equations: n =n*/(RwAt), AT =AT*/T =wAT* /27, and
AV =3AV*/(Rw).

The prescribed positions of the satellites along their orbits can
be represented by a set of constant phases about an idealized
point (or a fictitious satellite) on a circular reference orbit. For the

Fig.1 Coordinate frame.
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displacements relative to these phases, we can write N uncoupled
discrete-time equations

Amitk + )| [1 =17 [ An(k) 0 v
AT,k +D | o 1 AT (k) g 16

Discrete-Time Equation for Satellite Constellation

The prescribed intersatellite spacings of a satellite constellation
can be represented by a digraph (Fig. 2). The satellites are the ver-
tices. A link from one satellite to another is a directed edge or
controlled arc between satellites. One of the satellites is taken as
the first satellite and called the root of the digraph. The necessary
conditions are weak connectedness of the digraph and the use of
only simple paths. This digraph is a tree. Every tree with N ver-
tices has precisely N — 1 edges.!> Each digraph edge between two
satellites is the prescribed along-track spacing. For two satellites
in different orbit planes, it is the interplane phase. The along-track
displacementdn; is defined relative to this prescribed value, where
J is the number of the edge. There are different variants of digraphs.
Two digraph types may be cited as opposite variants. The first is the
minimum length tree (MLT) (Fig. 3a) with equal length for all of
the paths. The second is the digraph with maximum length equal
to N — 1, i.e., the chain graph (CG) (Fig. 3b). Other variants can
be represented as the geometry of the satellite constellation. For the
satellite constellation with L orbit planes and S satellites in each
orbit plane, examples of possible digraphs are shown in Figs. 3¢
and 3d. We used the following notations: for the MLT, N x 1; for
the CG, 1 x N; and for the other variants, L x S (Fig. 3¢).
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An incidence matrix associated with a digraphisan N x (N—1)
matrix whose rows and columns correspond to the vertices and
edges, respectively.!’® Coefficients of the incidence matrix consist
of —1, 0, 1. The coefficient is zero if a vertex is not incident with
an arc, +1 if the arc is oriented away from vertex, and —1 in the
opposite case. The transposed incidence matrices A, (with all of the
unspecified elements equal to zero) for the MLT and the CG are
given, respectively, as follows:

1—q -
1 -1

1 -1
At = . . . . . . (Sa)

Next we introduce the state vector x” = (8n”, ATT) = (én,,
ony, ..., 0ny_, AT\, AT,, ..., ATy),wheredn; = An; — An; ;.
Thereisalinearrelationbetween An” = (An,, An,, ..., Any) and
the along-track relative displacements:

Sn =A,An 6)

In summary, the state matrix can be written as

A:[ Iy_ At} -

Onv-nxn Iy

where Iy_; and Iy are identity matrices and Oy _ 1) v iS a Zero
matrix. A long-term behavior for satellite constellation can be de-
scribed by the multivariable discrete-time equation in a standard
form

x(k + 1) = Ax(k) + Bv (k) (8)

where BT =[0y 1), v Iy]is a 2N —1) x N matrix and v" =
(AVy, AV, ..., AVy) is the control vector. The system (8) is
completely state controllable, where the rank of the controllabil-
ity matrix'® is 2N — 1. We hope that the represented mathematical
model based on a tree digraph can be used in other applications.

III. Formation Keeping of Satellite Constellations
Linear-Quadratic Formation Keeping

The linear-quadraticformation keeping (LQF) may be as follows.
Given the linear discrete-time equation (8), determine the optimal
control law to minimize the following cost function:

k=ky
1
7= D [k + DGxtk+ 1)+ WG (k)] ©)

k=0

where G, is a positive definite or positive semidefinite matrix and
G, is a positive definite matrix. Matrices G, and G, are selected to
weight the relative importance of the performance measures caused
by the state vector x and control vector v, respectively. These ma-
trices can be diagonal with elements equal to the inverse square of
the nominal deviation of the state variables and AV;.

The optimal closed-loop control vector v(k) has the very well-
known form'®

v(k) = —F(k)x(k) k=0,1,2,...,kf (10)
where F(k)isa (2N — 1) x N feedback matrix:

F(k) =[Gy + B"P(k + )B] 'B"P(k + 1)A (11)

where P(k) is a positive solution of the Riccati equation'®:

Pk)y =A"P(k+ DA —ATP(k+ 1)
x B[Gy +B"P(k + 1)3]"BTP(I<+ DA + Gy (12)

with the terminal condition P(k;) = 0.
Suppose that Gy and P are

G, = G, 0 (13a)
*“lo @, a

P= Py P (13b)
T lerop,

Referring to Egs. (8) and (9), we obtain the state equations and J as
follows:

sn(k + 1) = sn(k) + A, AT (k) (14)
AT(k+1) = AT(K) + v(k) (15)
1 k=ky
J== ) [sn"k+1)G,5n(k+1)
2 k=0
+ATT (k + DG, ATk + 1) +v" ()Gyv(k) ] (16)

Substituting expressions (14-16) into Egs. (11) and (12) yields the
control law

v(k) = —Pg(k + D{PT,(k + )én + [P,k + DA,

+P,(k+ 1)|AT} = —(F,8n + F,AT) (17)
and three matrix equations
P,(k)y=P,(k+1)+G, —P,(k+ DPsk + )P (k+ 1)
P, (k) =P, (k+ 1)+ [P,k +1)
— P, (k + DPs(k + DP!,(k + 1)]A,
—P, (k+ DPg(k+ )P, (k+ 1) (18)
P(k)y=P,(k+ 1)+ Pl (k+ DA, +A'P, (k+ 1)
—P,(k+ DPs(k + DPL, (k + DA,
—P,(k+ DPs(k+ )P, (k+ 1)+ G,
where Ps = (Gy + P,)~\.
The corresponding steady-state Riccati equations are

PntPSPT Gnv (Pn

nt T

—G,)A, — P,,PsP, =0 )
P'A,+ AP, —P,PsPTA, — P,PsP, +G, = 0

The numerical solutions of these equations for different N are given
inthe Appendix. An asymptoticsolutionof the Riccatiequation (19)
forGy - 0and G, — 0is

P, =A]G,A, (20)

P,, = 2G,,, Pm = GnAtv

In this case, the state vector AT belong to an unstable subspace.

Analytic Solution of Two-Satellite, Linear-Quadratic
Formation Keeping

For the simplest satellite constellation from two satellites, the
state vector and control vector are x” = (én, AT,, AT») andv" =
(AV,, AV,), respectively. The transposed incidence matrix is A, =
[—1 1].Supposethatthe weightingmatricesare Gy = I, and Gy =
diag(g,, &:» &), where g, > 0 and g, > 0. We have P in the form

Pn Pnt —Pnt
P= Pnt Pt Pu 21
—Pnt Pu D:
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Equation (19) yields the four equations. Because this leads to some-
what involved expressions, we give only the outcome:

2p2, + g =0 (22a)
Pult +2p2 + (P — PP =0 (22b)
B+e(pl—p—p—1)+ppi+p+p=0 (220)

B+ pu(papii — P2 —p) + 1 =0 (22d)

where
W= pu—p—1 (23)
B=2Pu(pu + D(Pu+p+D—(p+1D'py (24
First, Eq. (22) gives

Pri = =5(Pu = pi = D& (25)
Substituting from
n 2 2
P =g, + S u 26)
2pu
po=(p2/8.) +c 27)
where

G =(/H+ Vel +4g8 -3 (28)
andinsertingEq. (27) into Eq. (22) yieldsthe quarticequationforp,,
4py, + 48,0y — 28 +2)8u P + 2870w + 8 =0 (29)
After further simplification, we can obtain the following equation:

{12, + 1(8./2) + 2021 Pus + (8,/2)}

x P2, +1(80/2) = 2¢,21pus + (81/2)} = 0 (30)
where

ez =y @/ + (88./8) + (52/16) G1)
The four roots of Eq. (30) are

Puttr = —Cur — (80/4) £V [canr + (0 /DP — (8,/2)  (32a)

Pusa = Cuin — (8n/H) £V [Car — (82/D — (8,/2)  (32b)

The real root of Eq. (30), which correspondsto the positive defi-
nite matrix P, is the required solution. The necessary and sufficient
conditions of the positive definition are

pi >0, pl—p2 >0, det(P) >0  (33)

These relations are satisfied if
Pue > max(y/ 8,/2,8/2)  or  pu<—g/2 (34

The root p,,, is always a real negative number in which

Pz < =/ 8n/2 (35)
The state-feedback matrix is
= f S
where
fn = gn/zpnt (373)
Qpur + 18w — 4py, |Cuz + 2puc + 1)gn — 31,
ﬁr — _[ t t] 12 t t (37b)

4pi(can + 1)

_ (cntZ + 1)(2pnt + 1)gn B pnzt

37
A2 + 1) (37¢)

fi
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Fig.5 Maximum j\jfor tree digraphs L £ S (see Fig. 3¢).

Stability and Robustness of LQF

The linear system (14) and (15) using the control law (17) is
asymptotically stable for an arbitrary total number of satellites. The
settling time of the mean square tracking error for different N de-
pends on the closed-loop eigenvalues. It is known that all responses
are linear combinations of functions of the form A¥, k = 1,2, ...,
where X is a closed-loop eigenvalue.!” An estimate of the 1% set-
tling time of an asymptotically stable discrete-time control systems

1S17

kig = m[ax{2/1g10(1/|)»,|)}, I=1,2,...,2N -1 (38)

time intervals. The maximum and minimum || are shown in Fig. 4.
As can be seen, the maximum || for the MLT is independent of N
and correspondsto kj4, = 3. On the other hand, for the CG involving
larger values of N, it is close to the stability limit and corresponds
to ki, = 16 (for N = 12). The maximum || depends critically on
digraph length. As an example, Fig. 5 shows the maximum || for
the tree digraph in Fig. 3c.

Because the design is usually based on the nominal values of
the mathematical model, it is very important to assess the sensi-
tivity of the system stability to parameter variations. Consider the
sensitivity of the LQF to the redistribution of maneuver times. For
this estimation we used statistical computations of the closed-loop
eigenvalues. The nonzero elements of the submatrix A, in Eq. (7)
have random, uniformly distributed deviations relative to the mean
time At, i.e., the actual time between maneuvers of each satellite
is At; # At. Typical results (Fig. 6) show that the redistribution of
maneuver times At; relativeto the mean time At retains the stability
of the satellite constellation.



ULYBYSHEV

Chain graph (N=1x12)
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Maximum displacement of times between maneuvers (%)

Fig. 6 Statistical estimations of maximum j\j N = 12.
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Fig.7 Maximum relative increments of matrix P for the MLT and the
CG.

Solution of Riccati Equation for LQF

There are several ways to obtain a steady-state solution of the
Riccati equation.'®!® A simple method is to start with the non-
steady-state Riccati equation (18); begin the solution with terminal
conditions [P, (0) = 0, P,,(0) = 0, and P,(0) = 0]; and iterate the
equationuntil a state solutionis obtained.'® It is well known that the
convergencerate depends on closed-loop eigenvalues,i.e., digraph
length. To illustrate this property, a typical plot of the maximum
relative increments for matrix P elements vs the iteration number is
shown in Fig. 7. For the MLT, the convergencerate is independent
of N. For the CG, it decreased with increasing N.

IV. Simulation Results

To test the performance of the feedback procedure developed
in the preceding sections, a code has been written to simulate the
dynamics of a low-altitude satellite constellation affected by atmo-
spheric drag. The orbital perturbations of aerodynamic drag will
cause the orbits of the individual satellites to decay at different
rates, establishing a relative drift between them. The truth orbits
are computed by numerically integrating the equations of satellite
motion using the Earth’s gravitational anomalies and the dynamic
atmospheric density model including the diurnal bulge effect.!” We
consider the low-altitude unphased satellite constellation of single
continuouscoverage of Russia including 5 orbitplanesand 12 satel-
lites in each orbit plane 2* The orbit parameters are altitude of 500
km and inclination of 62.8 deg. The formation keeping of an un-
phased satellite constellatior?! is similar to the formationkeeping of
a satellite ring. The impulsive velocity changes AV, are computed
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using the solution of the steady-state Riccati equation for the MLT
(see Appendix). The controllaw in dimensional form can be written
as

v(k) = —%Fﬂ?h — 0.4415F, AT 39)
where
F, =
S S S o o o fa S fa fa S
Joo Sz Su2 fuo Su2 S f f Sfu S Sw2
foo San Sz Suo Su2 S f S Sfu S Sw2
foo Sz S Suo Su2 S f fu Sfu S Sw2
S S Soo S Su2 S f fu Sfu S Sw2
S S So2 Suo S Sz f fur Sfi S Sw2
foo S Su2 fuo Su2 S F 2 S S Sw2
foo S Sw2 fuo Su2 S S 2 Sf S Sw2
S S Suo fuo Su2 S f S Sfu S Sw2
S S Sw2 fuo Su2 S f 2 S S Sw2
S S Su2 fuo Su2 S f 2 S S Sw2
| S fo Sar S fr Sar fur fr S S S
(40)
F, =
v fa S o fa fao fa o fa fao fu fa
fo Ju Jo fo fo fo fo fo fo fo fo fo
fo Jo fu fo fo fo fo fo fo fo fo fo
fo Jo fo fu fo fo fo fo fo fo fo fo
Jo Jo fo fo fu fo fo fo fo fo fo fo
fo Jo fo fo fo fu fo fo fo fo fo fo
Jo Jo fo fo fo fo fu fo fo fo fo fo
fo Jo fo fo fo fo fo fu fo fo fo fo
fo Jo fo fo fo fo fo fo fu fo fo fo
fo Jo fo fo fo fo fo fo fo fu fo fo
fo Jo fo fo fo fo fo fo fo fo fu fo
| fa S fo fo fo fo fo fo fo fo foo ful
(41)

Here v is in meters per second, At is in days, én is in kilometers, and
AT is in seconds. The numerical values of the feedback coefficients
are presented in Table 1.

The change in eccentricity due to perturbations causes a daily
excursion in along-track displacements that is a significant value.
Thus, to minimize the periodic displacements, the eccentricity must
be corrected such that the maximum eccentricity during the interval
between maneuvers is minimized. Previous robustness analysis is
a basis of eccentricity control. The actual maneuver times can be
displaced.If AV, (k) > 0, the maneuver must be executed at apogee
nearest to the mean time At, and if AV, (k) < 0, the maneuver must
be executed at perigee (Fig. 8).

The control law depends on the state of all of the satellites and
requires computation of the orbital elements. We assume control
using a ground segment comprising ground stations and mission
control center.

The random perturbationsare shorter-term,day-to-day variations
of the ballisticcoefficients, maneuvererrors, and orbitdetermination
errors. All of the perturbations are the normal distributions with
mean values and standard deviation (Table 2). Table 3 presents the

Table 1 Feedback coefficients

frm fnl fnZ f; ftr ftl ft2 ft'5

—0.3975 0.0420 0.0246 1.2034 1.2066 —0.0609 —0.0373 —0.2651
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Table 2 Statistical characteristics of perturbations

Perturbation Parameter Mean value Deviation
Atmospheric drag  Ballistic coefficient, m?/kg 0.02 0.001
Maneuver errors [AV;], % 0 2.0
Orientation errors, deg 0 1.0
Orbit determination |AT;|, s 0 0.005
errors An;, km 0 5
Table 3 Simulation results
Solar activity values
Parameter Small Middle  Maximum
At, days 13.76 6.88 6.88
Total AV per year, m/s
Mean 0.63 2.94 14.85
Maximum 0.66 2.98 14.98
|AV; ], m/s
Mean 0.023 0.055 0.280
Maximum 0.061 0.107 0.454
[6n ], km
Maximum periodic 19.0 19.0 20.6
Maximum summarized 60.3 36.6 113.1
|AT;], s
Mean 0.073 0.151 0.860
Maximum 0.216 0.378 1.716
Maximum eccentricity 0.0014  0.0014 0.0015
Total reboost AV per year, m/s 0.62 2.86 14.20

Number of satellite

A
k-1 K k+1

AVE>] | :
Ao [ @ | !

1
1 |
AV,&p>0 ! |
At, | & © ! !
| |
| {
AV, (k)0 I !
AL g’,(k ! l
V2 | !

|
"'l_‘=1%At:
=
AVi®<| | |
At, (@ 0 ! :
| |
|
T2, T2 Atttk

‘ A t=7 days A t=7 days

Flight time

Fig. 8 Schematic representation of maneuver time deviations: o,
apogee; 1, perigee; At;, actual time between maneuvers; and Az, mean
time between maneuvers.

simulation results for the LQF and reboost maneuvers required to
maintain near-constantaltitude of satellite orbit (without formation
keeping) for one year.

It is shown that a difference of total AV between the LQF and
reboost is small. This means additional AV for formation keep-
ing of the satellite constellation are approximately 2-7% from re-
boost AV. For small solar activity, we have certain velocity changes
AV; (k) < Obecauseatmosphericdragis small and the reboostcom-
ponent is comparable with the formation keeping component. For
middle and maximum solar activity, the reboost component far ex-
ceeds the formation keeping component. This means the formation
keeping is realized by small deviations of the reboost components.
The general nature of the stochastic processes of the along-track
relative displacementsdn; and orbital period displacements AT; for
middle solar activity is shown in Figs. 9 and 10, respectively. These
parameters are defined not only at maneuver times but also at inter-
mediate times. The velocity changes AV; are shown in Fig. 11. Itis

»‘x“c,“l"[

Along-track relative displacement (km )

0 50 100 160 200 250 300 350 400
Flight time ( days )

Fig. 9 Time histories of along-track relative displacements.

AT, (sec)

50 100 150 200 250 300 350 400
Flight time ( days )

Fig. 10 Time histories of orbital period displacements.

0.12

0.1

0.08

0.06}

AV, (m/s)

0.04r “ |

0.02r

Flight time ( days )

Fig. 11 Time histories of impulsive velocity changes.

seen that there are two maximum velocity changes. This is clarified
by half-year variations of atmospheric density.

V. Conclusion

We propose the formation keeping strategy for satellite constel-
lations in circular orbits, which includes the use of a discrete-
time linear-quadratic regulator for feedback control. This forma-
tion keeping law minimizes the along-track relative displacements
between satellites and the orbital period displacements relative to
the reference orbit. We have also analyzed the properties of such



Table A1 Solutions of the Riccati equation
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N Dl DPn2 Dntll DPnt12 Dnt13 Dit Pr Did P2

3 2.7413 —0.2058 1.7943 —2.0609  0.3083 6.2171 —2.1294  4.1491 —0.4641
6 2.8467 —0.1005 1.6690 —2.2189  0.1503 12.9898 —1.9869 4.3871 —0.2260
12 2.8975 —0.0497 1.6531 —2.2950  0.0742 26.4043 —1.9182 4.5016 —0.1116
24 2.9224  —0.0247 1.6305 —2.3323 0.0369 53.1703 —1.8845  4.5577 —0.0554
48 2.9348 —0.0123 1.6193 —2.3508 0.0184 106.6714  —1.8677  4.5855 —0.0276
100 2.9412 —0.0059 1.6135 —2.3604  0.0088  222.5738 —1.8591 4.5999 —0.0132
200 2.9442  —0.0029 1.6108 —2.3648 0.0044  445.4553 —1.8551 4.6065 —0.0066
300 2.9452  —0.0020 1.6199 —2.3663 0.0029  668.3351 —1.8538  4.6087 —0.0044
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systems. Simulation results validated the formation keeping law.
The dynamic model and the controller presented can be used to an-
swer many designquestionsrelatingto formationkeeping of satellite
constellations.

In future work, the possibility of onboard controlusing intersatel-
lite links needs to be investigated. Perhaps the explicit inclusion of
mean atmospheric drag in averaged equations, as in Ref. 3, will
help to increase the formation keeping accuracy for the low-altitude
satellite constellation affected by atmospheric drag. A comparison
betweenrelative and absolute formationkeepingmay be very useful.

Appendix: Numerical Solutions
of the Riccati Equation for LQF

Numerical examples of the steady-state Riccati equation (19) so-
lutions for the MLT are given next. Suppose that weighting coef-
ficients are g,;; = g,;; =1 and g,;; = 1; moreover, the first satellite
& = N /2 (in this case total AV of all of the satellites are approxi-
mately equal). Matrices P, P,,, and P, are (N —1) x (N —1), (N —
1) x N,and N x N, respectively. For N > 3 these matrices can be
written as

Pni Pn2 ot DPn2
P, = Pn2 Pm1 " Pn2 (A1)
Pn2 Pn2 o P
Pniti Puri2 Pui1z "0 Par3
Pniti Pn1z Puiiz "0 Pur3
P,=| - i e (A2)
Pniti Pn1z Pui1z "0 Par3
Pnett Pn13 Pui1z "0 P12
Pu  Pan Pan o Pn
Pit Pua P2 ' Pn2
Po=|... . . . .. (A3)
P P P - Pn
P P P ' Pu

The elements of these matrices are presented in Table Al.
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