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satellites.12;13 The linear-quadraticformation keeping of two satel-
lites has been studied by Vassar and Sherwood,7 by Redding et al.,9

and by Wilde et al.13 In a sense, the work presentedhere extends the
capabilitiesof linear-quadraticcontrollers to the formation keeping
problem.6;9;13

We shall distinguish between relative and absolute formation
keeping.2;3;6 Relative formation keeping is maintaining the rela-
tive positions between satellites but not their absolute positions. In
the case of absolute formation keeping, each satellite is maintained
within a de� ned box moving with the idealized point on a reference
orbit. This strategycan be effectivelyrealizedby simply closing the
loop on the equatorial crossing time.3 In this paper, a solution to
relative formation keeping is presented.

The method to be described is based on the use of a tree digraph
of the model satellite constellation.The goals are to show, � rst, that
a classical linear-quadratic control theory can be useful in solving
the dif� cult problemof simultaneouscontrol of many satellitesand,
second, that this area can be a stimulus to new and interestingforms
of large-scale control systems. The contribution of the paper is the
demonstrationthat a feedbackalgorithmbasedon a linear-quadratic
controller shows excellent performance and robustness and, hence,
is a good candidate for satellite constellation formation keeping.

II. Mathematical Model
Relative Motion of Satellites in Circular Orbits

The Clohessy–Wiltshire equations14 describe the motion of a
satellite to a point on a circular reference orbit. They are

Rn D ¡2! Pr; Rr D 3!2r C 2! Pn; Rb D ¡!2b (1)

where n; r , and b are coordinates in the orbit normal coordinate
frame (Fig. 1).

It is well known that an approximate solution of the Clohessy–

Wiltshireequations,when averagedfrom t to t C 2¼=! and ignoring
the periodic terms, can be written as8;10

Pn¤ D ¡
R!21T ¤

2¼
(2)

where 1T ¤ is the displacementof the satelliteorbital period relative
to reference orbit period.

The following analysis is based on tangential maneuvers. The
required tangential velocity change to kill the averaged (or secular)
drift is10

1V ¤ D Pn¤=3 (3)

We assume that the time interval between maneuvers is 1t D const
and introduce the following dimensionless variables in the follow-
ing equations: n D n¤=.R!1t/, 1T D 1T ¤=T D !1T ¤=2¼ , and
1V D 31V ¤=.R!/.

The prescribed positions of the satellites along their orbits can
be represented by a set of constant phases about an idealized
point (or a � ctitious satellite) on a circular reference orbit. For the

Fig. 1 Coordinate frame.

Fig.2 Satelliteconstellationandits digraph: ² , satellite and , number
of satellite.

a) Minimum length tree c)

b) Chain graph d)

Fig. 3 Tree digraphs.

displacements relative to these phases, we can write N uncoupled
discrete-time equations

»
1n i .k C 1/

1Ti .k C 1/

¼
D

µ
1 ¡1

0 1

¶ »
1ni .k/

1Ti .k/

¼
C

µ
0

1

¶
1Vi .k/

i D 1; : : : ; N (4)

Discrete-Time Equation for Satellite Constellation
The prescribed intersatellite spacings of a satellite constellation

can be represented by a digraph (Fig. 2). The satellites are the ver-
tices. A link from one satellite to another is a directed edge or
controlled arc between satellites. One of the satellites is taken as
the � rst satellite and called the root of the digraph. The necessary
conditions are weak connectedness of the digraph and the use of
only simple paths. This digraph is a tree. Every tree with N ver-
tices has precisely N ¡ 1 edges.15 Each digraph edge between two
satellites is the prescribed along-track spacing. For two satellites
in different orbit planes, it is the interplane phase. The along-track
displacement±n j is de� ned relative to this prescribed value, where
j is the numberof the edge. There are differentvariants of digraphs.
Two digraph types may be cited as oppositevariants.The � rst is the
minimum length tree (MLT) (Fig. 3a) with equal length for all of
the paths. The second is the digraph with maximum length equal
to N ¡ 1, i.e., the chain graph (CG) (Fig. 3b). Other variants can
be representedas the geometry of the satellite constellation.For the
satellite constellation with L orbit planes and S satellites in each
orbit plane, examples of possible digraphs are shown in Figs. 3c
and 3d. We used the following notations: for the MLT, N £ 1; for
the CG, 1 £ N ; and for the other variants, L £ S (Fig. 3c).
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An incidence matrix associatedwith a digraph is an N £ .N¡1/
matrix whose rows and columns correspond to the vertices and
edges, respectively.15 Coef� cients of the incidence matrix consist
of ¡1; 0; 1. The coef� cient is zero if a vertex is not incident with
an arc, C1 if the arc is oriented away from vertex, and ¡1 in the
opposite case. The transposed incidencematrices At (with all of the
unspeci� ed elements equal to zero) for the MLT and the CG are
given, respectively, as follows:

At D

2

6666664

1 ¡1

1 ¡1

1 ¡1
: : : : : :

1 ¡1

1 ¡1

3

7777775
(5a)

At D

2

6666664

1 ¡1

1 ¡1

1 ¡1
: : : : : :

1 ¡1

1 ¡1

3

7777775
(5b)

Next we introduce the state vector xT D .±nT ; 1TT / D .±n1,
±n2; : : : ; ±nN ¡ 1 , 1T1 , 1T2; : : : ; 1TN /, where ±n j D 1n i ¡ 1n i C 1.
There is a linear relationbetween1nT D .1n1 , 1n2; : : : ; 1nN / and
the along-track relative displacements:

±n D At 1n (6)

In summary, the state matrix can be written as

A D
µ

IN ¡ 1 At

0.N ¡ 1/ £ N IN

¶
(7)

where IN ¡1 and IN are identity matrices and 0.N ¡ 1/ £ N is a zero
matrix. A long-term behavior for satellite constellation can be de-
scribed by the multivariable discrete-time equation in a standard
form

x.k C 1/ D Ax.k/ C Bv.k/ (8)

where BT D [0.N ¡ 1/ £ N IN ] is a .2N ¡ 1/ £ N matrix and vT D
.1V1; 1V2; : : : ; 1VN / is the control vector. The system (8) is
completely state controllable, where the rank of the controllabil-
ity matrix16 is 2N ¡ 1. We hope that the represented mathematical
model based on a tree digraph can be used in other applications.

III. Formation Keeping of Satellite Constellations
Linear-Quadratic Formation Keeping

The linear-quadraticformationkeeping(LQF) may be as follows.
Given the linear discrete-time equation (8), determine the optimal
control law to minimize the following cost function:

J D 1

2

k D k fX

k D 0

£
xT .k C 1/Gx x.k C 1/ C vT .k/GV v.k/

¤
(9)

where Gx is a positive de� nite or positive semide� nite matrix and
Gv is a positive de� nite matrix. Matrices Gx and Gv are selected to
weight the relative importanceof the performancemeasures caused
by the state vector x and control vector v, respectively. These ma-
trices can be diagonal with elements equal to the inverse square of
the nominal deviation of the state variables and 1Vi .

The optimal closed-loop control vector v.k/ has the very well-
known form16

v.k/ D ¡F.k/x.k/ k D 0; 1; 2; : : : ; k f (10)

where F.k/ is a .2N ¡ 1/ £ N feedback matrix:

F.k/ D
£
GV C BT P.k C 1/B

¤¡1
BT P.k C 1/A (11)

where P.k/ is a positive solution of the Riccati equation16:

P.k/ D AT P.k C 1/A ¡ AT P.k C 1/

£ B
£
GV C BT P.k C 1/B

¤¡1
BT P.k C 1/A C GX (12)

with the terminal condition P.k f / D 0.
Suppose that GX and P are

Gx D
µ

Gn 0

0 Gt

¶
(13a)

P D
µ

Pn Pnt

PT
nt Pt

¶
(13b)

Referring to Eqs. (8) and (9), we obtain the state equations and J as
follows:

±n.k C 1/ D ±n.k/ C At 1T.k/ (14)

1T.k C 1/ D 1T.k/ C v.k/ (15)

J D 1
2

k D k fX

k D 0

£
±nT .k C 1/Gn±n.k C 1/

C 1TT .k C 1/Gt 1T.k C 1/ C vT .k/GV v.k/
¤

(16)

Substituting expressions (14–16) into Eqs. (11) and (12) yields the
control law

v.k/ D ¡PS.k C 1/
©
PT

nt .k C 1/±n C
£
PT

nt .k C 1/At

C Pt .k C 1/
¤
1T

ª
D ¡.Fn±n C Ft 1T/ (17)

and three matrix equations

Pn.k/ D Pn.k C 1/ C Gn ¡ Pnt .k C 1/PS.k C 1/PT
nt .k C 1/

Pnt .k/ D Pnt .k C 1/ C
£
Pn.k C 1/

¡ Pnt .k C 1/PS.k C 1/PT
nt .k C 1/

¤
At

¡ Pnt .k C 1/PS.k C 1/Pt .k C 1/ (18)

Pt .k/ D Pt .k C 1/ C PT
nt .k C 1/At C AT

t Pnt .k C 1/

¡ Pt .k C 1/PS.k C 1/PT
nt .k C 1/At

¡ Pt .k C 1/PS.k C 1/Pt .k C 1/ C Gt

where PS D .GV C Pt /
¡1 .

The correspondingsteady-state Riccati equations are

Pnt PSPT
nt D Gn; .Pn ¡ Gn/At ¡ Pnt PSPt D 0

(19)
PT

nt At C AT
t Pnt ¡ Pt PSPT

nt At ¡ Pt PSPt C Gt D 0

The numericalsolutionsof these equationsfor different N are given
in the Appendix.An asymptoticsolutionof theRiccatiequation(19)
for GV ! 0 and Gt ! 0 is

Pn D 2Gn; Pnt D GnAt ; Pt D AT
t GnAt (20)

In this case, the state vector 1T belong to an unstable subspace.

Analytic Solution of Two-Satellite, Linear-Quadratic
Formation Keeping

For the simplest satellite constellation from two satellites, the
state vector and control vector are xT D .±n; 1T1; 1T2/ and vT D
.1V1; 1V2/, respectively.The transposed incidence matrix is At D
[¡1 1]. Supposethat theweightingmatricesareGV D I2 and GX D
diag.gn ; gt ; gt /, where gn > 0 and gt > 0. We have P in the form

P D

2

4
pn pnt ¡pnt

pnt pt ptt

¡pnt ptt pt

3

5 (21)
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Equation (19) yields the four equations.Because this leads to some-
what involved expressions,we give only the outcome:

2p2
nt C gn¹ D 0 (22a)

pn¹ C 2p2
nt C .ptt ¡ pt /pnt D 0 (22b)

¯ C gt

¡
p2

tt ¡ p2
t ¡ pt ¡ 1

¢
C pn p2

tt C p3
t C p2

t D 0 (22c)

¯ C ptt

¡
pn pt t ¡ p2

t ¡ pt

¢
C p3

tt D 0 (22d)

where

¹ D ptt ¡ pt ¡ 1 (23)

¯ D 2pnt .pnt C 1/.ptt C pt C 1/ ¡ . pt C 1/2 pn (24)

First, Eq. (22) gives

p2
nt D ¡ 1

2 .ptt ¡ pt ¡ 1/gn (25)

Substituting from

pn D gn C
gn ¡ 2p2

nt

2pnt

(26)

pt D
¡

p2
nt

¯
gn

¢
C ct (27)

where

ct D .gt=4/ C 1
4

p
g2

t C 4gt ¡ 1
2

(28)

and insertingEq. (27) into Eq. (22) yieldsthequarticequationforpnt

4p4
nt C 4gn p3

nt ¡ 2.gt C 2/gn p2
nt C 2g2

n pnt C g2
n D 0 (29)

After further simpli� cation, we can obtain the following equation:©
p2

nt C [.gn=2/ C 2cnt2]pnt C .gn=2/
ª

£
©

p2
nt C [.gn=2/ ¡ 2cnt2]pnt C .gn=2/

ª
D 0 (30)

where

cnt2 D
q

.gn=2/ C .gn gt =8/ C
¡
g2

n

¯
16

¢
(31)

The four roots of Eq. (30) are

pnt1;2 D ¡cnt2 ¡ .gn=4/ §
p

[cnt2 C .gn=4/]2 ¡ .gn=2/ (32a)

pnt3;4 D cnt2 ¡ .gn=4/ §
p

[cnt2 ¡ .gn=4/]2 ¡ .gn=2/ (32b)

The real root of Eq. (30), which corresponds to the positive de� -
nite matrix P, is the required solution. The necessary and suf� cient
conditions of the positive de� nition are

pt > 0; p2
t ¡ p2

tt > 0; det.P/ > 0 (33)

These relations are satis� ed if

pnt > max.
p

gn=2; gt=2/ or pnt < ¡
p

gn=2 (34)

The root pnt2 is always a real negative number in which

pnt2 < ¡
p

gn=2 (35)

The state-feedbackmatrix is

F D
µ

fn ftt ft

¡ fn ft ftt

¶
(36)

where

fn D gn=2pnt (37a)

ftt D ¡

£
.2pnt C 1/gn ¡ 4p2

nt

¤
cnt2 C .2pnt C 1/gn ¡ 3p2

nt

4p2
nt .cnt2 C 1/

(37b)

ft D
.cnt2 C 1/.2pnt C 1/gn ¡ p2

nt

4p2
nt .cnt2 C 1/

(37c)

Fig. 4 Minimum and maximum j̧ j.

Fig. 5 Maximum j̧ jfor tree digraphs L £ S (see Fig. 3c).

Stability and Robustness of LQF
The linear system (14) and (15) using the control law (17) is

asymptoticallystable for an arbitrary total number of satellites.The
settling time of the mean square tracking error for different N de-
pends on the closed-loopeigenvalues. It is known that all responses
are linear combinations of functions of the form ¸k ; k D 1; 2; : : : ,
where ¸ is a closed-loop eigenvalue.17 An estimate of the 1% set-
tling time of an asymptoticallystable discrete-time control systems
is17

k1% D max
l

f2=lg10.1=j¸l j/g; l D 1; 2; : : : ; 2N ¡ 1 (38)

time intervals.The maximum and minimum j¸j are shown in Fig. 4.
As can be seen, the maximum j¸j for the MLT is independent of N
and correspondsto k1% D 3. On the other hand, for the CG involving
larger values of N , it is close to the stability limit and corresponds
to k1% D 16 (for N D 12). The maximum j¸j depends critically on
digraph length. As an example, Fig. 5 shows the maximum j¸j for
the tree digraph in Fig. 3c.

Because the design is usually based on the nominal values of
the mathematical model, it is very important to assess the sensi-
tivity of the system stability to parameter variations. Consider the
sensitivity of the LQF to the redistributionof maneuver times. For
this estimation we used statistical computations of the closed-loop
eigenvalues. The nonzero elements of the submatrix At in Eq. (7)
have random, uniformly distributed deviations relative to the mean
time 1t, i.e., the actual time between maneuvers of each satellite
is 1ti 6D 1t . Typical results (Fig. 6) show that the redistributionof
maneuver times 1ti relative to the mean time 1t retains the stability
of the satellite constellation.
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Fig. 6 Statistical estimations of maximum j̧ j, N = 12.

Fig. 7 Maximum relative increments of matrix P for the MLT and the
CG.

Solution of Riccati Equation for LQF
There are several ways to obtain a steady-state solution of the

Riccati equation.16;18 A simple method is to start with the non-
steady-state Riccati equation (18); begin the solution with terminal
conditions [Pn.0/ D 0; Pnt .0/ D 0, and Pt .0/ D 0]; and iterate the
equationuntil a state solution is obtained.16 It is well known that the
convergence rate depends on closed-loop eigenvalues, i.e., digraph
length. To illustrate this property, a typical plot of the maximum
relative increments for matrix P elements vs the iteration number is
shown in Fig. 7. For the MLT, the convergence rate is independent
of N . For the CG, it decreased with increasing N .

IV. Simulation Results
To test the performance of the feedback procedure developed

in the preceding sections, a code has been written to simulate the
dynamics of a low-altitude satellite constellationaffected by atmo-
spheric drag. The orbital perturbations of aerodynamic drag will
cause the orbits of the individual satellites to decay at different
rates, establishing a relative drift between them. The truth orbits
are computed by numerically integrating the equations of satellite
motion using the Earth’s gravitational anomalies and the dynamic
atmospheric density model including the diurnal bulge effect.19 We
consider the low-altitude unphased satellite constellation of single
continuouscoverageof Russia including5 orbit planesand 12 satel-
lites in each orbit plane.20 The orbit parameters are altitude of 500
km and inclination of 62.8 deg. The formation keeping of an un-
phased satelliteconstellation21 is similar to the formationkeepingof
a satellite ring. The impulsive velocity changes 1Vi are computed

using the solution of the steady-state Riccati equation for the MLT
(see Appendix). The control law in dimensionalform can be written
as

v.k/ D ¡
0:003797

1t
Fn±n ¡ 0:4415Ft 1T (39)

where

Fn D
2

666666666666666666664

fn1 fn1 fn1 fn1 fn1 fn1 fn1 fn1 fn1 fn1 fn1

fnn fn2 fn2 fn2 fn2 fn2 fn2 fn2 fn2 fn2 fn2

fn2 fnn fn2 fn2 fn2 fn2 fn2 fn2 fn2 fn2 fn2

fn2 fn2 fnn fn2 fn2 fn2 fn2 fn2 fn2 fn2 fn2

fn2 fn2 fn2 fnn fn2 fn2 fn2 fn2 fn2 fn2 fn2

fn2 fn2 fn2 fn2 fnn fn2 fn2 fn2 fn2 fn2 fn2

fn2 fn2 fn2 fn2 fn2 fnn fn2 fn2 fn2 fn2 fn2

fn2 fn2 fn2 fn2 fn2 fn2 fnn fn2 fn2 fn2 fn2

fn2 fn2 fn2 fn2 fn2 fn2 fn2 fnn fn2 fn2 fn2

fn2 fn2 fn2 fn2 fn2 fn2 fn2 fn2 fnn fn2 fn2

fn2 fn2 fn2 fn2 fn2 fn2 fn2 fn2 fn2 fnn fn2

fn2 fn2 fn2 fn2 fn2 fn2 fn2 fn2 fn2 fn2 fnn

3

777777777777777777775

(40)

Ft D
2

666666666666666666664

f ¤
tt ft1 ft1 ft1 ft1 ft1 ft1 ft1 ft1 ft1 ft1 ft1

ft3 ftt ft2 ft2 ft2 ft2 ft2 ft2 ft2 ft2 ft2 ft2

ft3 ft2 ftt ft2 ft2 ft2 ft2 ft2 ft2 ft2 ft2 ft2

ft3 ft2 ft2 ftt ft2 ft2 ft2 ft2 ft2 ft2 ft2 ft2

ft3 ft2 ft2 ft2 ftt ft2 ft2 ft2 ft2 ft2 ft2 ft2

ft3 ft2 ft2 ft2 ft2 ft t ft2 ft2 ft2 ft2 ft2 ft2

ft3 ft2 ft2 ft2 ft2 ft2 ft t ft2 ft2 ft2 ft2 ft2

ft3 ft2 ft2 ft2 ft2 ft2 ft2 ftt ft2 ft2 ft2 ft2

ft3 ft2 ft2 ft2 ft2 ft2 ft2 ft2 ftt ft2 ft2 ft2

ft3 ft2 ft2 ft2 ft2 ft2 ft2 ft2 ft2 ftt ft2 ft2

ft3 ft2 ft2 ft2 ft2 ft2 ft2 ft2 ft2 ft2 ftt ft2

ft3 ft2 ft2 ft2 ft2 ft2 ft2 ft2 ft2 ft2 ft2 ftt

3

777777777777777777775

(41)

Here v is in meters per second,1t is in days, ±n is in kilometers,and
1T is in seconds.The numerical values of the feedbackcoef� cients
are presented in Table 1.

The change in eccentricity due to perturbations causes a daily
excursion in along-track displacements that is a signi� cant value.
Thus, to minimize the periodicdisplacements,the eccentricitymust
be corrected such that the maximum eccentricityduring the interval
between maneuvers is minimized. Previous robustness analysis is
a basis of eccentricity control. The actual maneuver times can be
displaced. If 1Vi .k/ > 0, the maneuvermust be executedat apogee
nearest to the mean time 1t, and if 1Vi .k/ < 0, the maneuvermust
be executed at perigee (Fig. 8).

The control law depends on the state of all of the satellites and
requires computation of the orbital elements. We assume control
using a ground segment comprising ground stations and mission
control center.

The randomperturbationsare shorter-term,day-to-dayvariations
of theballisticcoef� cients,maneuvererrors,and orbitdetermination
errors. All of the perturbations are the normal distributions with
mean values and standard deviation (Table 2). Table 3 presents the

Table 1 Feedback coef� cients

fnn fn1 fn2 f ¤
tt ftt ft1 ft2 ft3

¡0:3975 0:0420 0:0246 1:2034 1:2066 ¡0:0609 ¡0:0373 ¡0:2651
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Table 2 Statistical characteristics of perturbations

Perturbation Parameter Mean value Deviation

Atmospheric drag Ballistic coef� cient, m2 /kg 0.02 0.001
Maneuver errors j1Vi j, % 0 2.0

Orientation errors, deg 0 1.0
Orbit determination j1Ti j, s 0 0.005

errors 1ni , km 0 5

Table 3 Simulation results

Solar activity values
Parameter Small Middle Maximum

1t , days 13.76 6.88 6.88
Total 1V per year, m/s

Mean 0.63 2.94 14.85
Maximum 0.66 2.98 14.98

j1Vi j, m/s
Mean 0.023 0.055 0.280
Maximum 0.061 0.107 0.454

j±n j j, km
Maximum periodic 19.0 19.0 20.6
Maximum summarized 60.3 36.6 113.1

j1Ti j, s
Mean 0.073 0.151 0.860
Maximum 0.216 0.378 1.716

Maximum eccentricity 0.0014 0.0014 0.0015
Total reboost 1V per year, m/s 0.62 2.86 14.20

Fig. 8 Schematic representation of maneuver time deviations: ,
apogee; ² , perigee; ti, actual time between maneuvers; and t, mean
time between maneuvers.

simulation results for the LQF and reboost maneuvers required to
maintain near-constantaltitude of satellite orbit (without formation
keeping) for one year.

It is shown that a difference of total 1V between the LQF and
reboost is small. This means additional 1V for formation keep-
ing of the satellite constellation are approximately 2–7% from re-
boost1V . For small solar activity,we have certainvelocitychanges
1Vi .k/ < 0 becauseatmosphericdrag is small and the reboostcom-
ponent is comparable with the formation keeping component. For
middle and maximum solar activity, the reboost component far ex-
ceeds the formation keeping component. This means the formation
keeping is realized by small deviations of the reboost components.
The general nature of the stochastic processes of the along-track
relative displacements±n i and orbital period displacements1Ti for
middle solar activity is shown in Figs. 9 and 10, respectively.These
parameters are de� ned not only at maneuver times but also at inter-
mediate times. The velocity changes 1Vi are shown in Fig. 11. It is

Fig. 9 Time histories of along-track relative displacements.

Fig. 10 Time histories of orbital period displacements.

Fig. 11 Time histories of impulsive velocity changes.

seen that there are two maximum velocity changes. This is clari� ed
by half-year variations of atmospheric density.

V. Conclusion
We propose the formation keeping strategy for satellite constel-

lations in circular orbits, which includes the use of a discrete-
time linear-quadratic regulator for feedback control. This forma-
tion keeping law minimizes the along-track relative displacements
between satellites and the orbital period displacements relative to
the reference orbit. We have also analyzed the properties of such
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Table A1 Solutions of the Riccati equation

N pn1 pn2 pnt11 pnt12 pnt13 ptt pt1 ptd pt2

3 2.7413 ¡0.2058 1.7943 ¡2.0609 0.3083 6.2171 ¡2.1294 4.1491 ¡0.4641
6 2.8467 ¡0.1005 1.6690 ¡2.2189 0.1503 12.9898 ¡1.9869 4.3871 ¡0.2260
12 2.8975 ¡0.0497 1.6531 ¡2.2950 0.0742 26.4043 ¡1.9182 4.5016 ¡0.1116
24 2.9224 ¡0.0247 1.6305 ¡2.3323 0.0369 53.1703 ¡1.8845 4.5577 ¡0.0554
48 2.9348 ¡0.0123 1.6193 ¡2.3508 0.0184 106.6714 ¡1.8677 4.5855 ¡0.0276
100 2.9412 ¡0.0059 1.6135 ¡2.3604 0.0088 222.5738 ¡1.8591 4.5999 ¡0.0132
200 2.9442 ¡0.0029 1.6108 ¡2.3648 0.0044 445.4553 ¡1.8551 4.6065 ¡0.0066
300 2.9452 ¡0.0020 1.6199 ¡2.3663 0.0029 668.3351 ¡1.8538 4.6087 ¡0.0044

systems. Simulation results validated the formation keeping law.
The dynamic model and the controller presented can be used to an-
swermanydesignquestionsrelatingto formationkeepingof satellite
constellations.

In future work, the possibilityof onboardcontrolusing intersatel-
lite links needs to be investigated.Perhaps the explicit inclusion of
mean atmospheric drag in averaged equations, as in Ref. 3, will
help to increase the formationkeeping accuracy for the low-altitude
satellite constellation affected by atmospheric drag. A comparison
betweenrelativeandabsoluteformationkeepingmay bevery useful.

Appendix: Numerical Solutions
of the Riccati Equation for LQF

Numerical examples of the steady-stateRiccati equation (19) so-
lutions for the MLT are given next. Suppose that weighting coef-
� cients are gni i D gtii D 1 and gvii D 1; moreover, the � rst satellite
gvll D N=2 (in this case total 1V of all of the satellites are approxi-
mately equal). Matrices Pn; Pnt , and Pt are .N ¡1/ £ .N ¡1/; .N ¡
1/ £ N , and N £ N , respectively. For N ¸ 3 these matrices can be
written as

Pn D

2

64

pn1 pn2 ¢ ¢ ¢ pn2

pn2 pn1 ¢ ¢ ¢ pn2

¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
pn2 pn2 ¢ ¢ ¢ pn1

3

75 (A1)

Pnt D

2

6664

pnt11 pnt12 pnt13 ¢ ¢ ¢ pnt13

pnt11 pnt13 pnt12 ¢ ¢ ¢ pnt13

¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
pnt11 pnt13 pnt13 ¢ ¢ ¢ pnt13

pnt11 pnt13 pnt13 ¢ ¢ ¢ pnt12

3

7775
(A2)

Pt D

2

6664

ptt pt1 pt1 ¢ ¢ ¢ pt1

pt1 ptd pt2 ¢ ¢ ¢ pt2

¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
pt1 pt2 pt2 ¢ ¢ ¢ pt2

pt1 pt2 pt2 ¢ ¢ ¢ ptd

3

7775
(A3)

The elements of these matrices are presented in Table A1.
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